We introduce a new notion to describe the behavior of geodesies as the parameter increases to infinity and obtain quantitative results for a class of left-invariant metrics that includes the Bergman metric on bounded homogeneous domains.
Introduction
Let M be a complete simply connected Riemannian manifold. If M has sectional curvature K < 0, then there exists a well-developed theory constructing a boundary of M in terms of the asymptotic behavior of geodesies [2, 7, 8] . If M is, in addition, Riemannian symmetric, then this theory is even more developed and includes aspects of harmonic analysis on M and the structure of subgroups of the isometry group of M [9, 13, 14] . There are, however, large classes of manifolds that would seem to be closely related to manifolds of nonpositive curvature, although they themselves do not enjoy this property. For example, every homogeneous nonsymmetric bounded domain has some positive curvature in the Bergman metric [5] , some even have focal points [6] , and some carry no invariant metric with nonpositive curvature [3] . Yet these spaces all share with the noncompact Hermitian symmetric spaces a description in terms of normal y'-algebras. Similarly, all homogeneous simply connected Riemannian spaces of nonpositive curvature can be described in terms of NC-algebras [ 1 ] but NC-algebras also define many homogeneous metrics with some positive curvature. The same situation occurs in the subclass of homogeneous spaces of (strictly) negative curvature with respect to the algebraic description given by Heintze [10] .
In this note, we introduce a way to describe the long-time behavior (i.e., behavior as t approaches oo ) of geodesies that seem well adapted to the examples described above. The result we prove seems to be new even for Riemannian symmetric spaces of nonpositive curvature and homogeneous spaces of negative curvature.
Results
Let M be a complete simply connected Riemannian manifold. Let sé be an m-dimensional distribution on M, so for each p e M, sé(p) is an mdimensional vector subspace of the tangent space TPM. Let 3 § be the orthogonal complementary distribution and let n denote projection on 3 § .
2.1. Definition. Suppose y: [0, oo) -> M is a geodesic ray parameterized by arclength. We say y is asymptotic to sé if lim,-^ n(y'(t)) = 0.
2.2. Definition. Suppose every geodesic ray is asymptotic to sé and amongst all distributions with this property, sé has minimal dimension. Then we say 38 is a maximal distribution of transient directions and call dim sé the spread of M (sp(Af)).
2.3. Remark. In general, it would probably be useful to modify 2.2 by allowing distributions that are only defined outside a compact subset of M. Then the spread of «-dimensional Euclidean space would be one (consider the radial distribution). The same argument, together with Toponogov's theorem, gives the same result for nonpositive curvature. However, we will now specialize to homogeneous spaces and distributions invariant under a given group action.
Suppose there is a Lie group S of isometries that acts simply transitively on M and suppose further that we restrict to distributions sé that are S invariant. If we pick a base point b e M, we may identify 5 with M by 5" 9 g -► g(b) 6 M. S then inherits a left-invariant Riemannian metric that induces an inner product on the Lie algebra s. S invariant distributions on M are then in one-to-one correspondence with vector subspaces of s and the orthogonal distribution corresponds to the orthogonal complement in s. Given an ^-invariant distribution sé to which all geodesic rays from one particular point of M are asymptotic, the same is true for geodesic rays from all points. Hence we will restrict our consideration to geodesic rays in S emanating from the identity e . If s = o © b is the orthogonal decomposition corresponding to the distribution sé and its orthogonal complement ¿$, then the geodesic ray y emanating from e is asymptotic to sé if and only if [4] ), but again dim a is a good candidate.
In example 2.5.3, dim o = 1. In the case of hyperbolic geometry, this just says that all geodesics approaching a particular boundary point are becoming tangent to one direction (perpendicular to the boundary in the usual representation). We can also broaden 2.5.3 to include all homogeneous manifolds that, in the notation of Heintze [10] , satisfy Do > 0. This includes many examples with some positive curvature.
2.6. Remark. One might consider whether this result has any uniformity, that is, given e > 0, is there a T > 0 so that |7r(/(/))| < e for t > T and all geodesic rays y (remember, M is homogeneous)? If this were true, we would have an interesting geometric interpretation: if we are at a point p and only consider geodesics that arrive at p after a sufficient lapse of time (t > T), then these geodesics all approach in directions close to sép . This is certainly false for hyperbolic geometry where one can explicitly compute the dependence of T = T(v , e) on unit vectors v and e > 0.
2.7. Remark. Note that we are not claiming that at any one point p of M we actually have a preferred space of directions sép . In fact, since this result applies to the rank one symmetric spaces of negative curvature, which have transitive isotropy action, this is clearly impossible. However, if M has some reasonable notion of boundary, this does say something about the limiting directions of geodesic rays as they approach that boundary. Further, sp(Af) is an interesting geometric invariant.
2.8. Corollary. Suppose G is a semisimple Lie group of noncompact type and finite center. Let K be a maximal compact subgroup and a = t © p the corresponding Cartan decomposition. Let a be maximal abelian in p and let q be the orthogonal complement to a in p with respect to the Killing form. Let G -SK, S = AN be the corresponding Iwasawa decomposition [11] . For g e G, let K{g) be the factor in K, so g(K(g))~l e S. Then for X ep, ]im(AdK(exptX))(X))q = 0 t-»oo where the subscript denotes projection on q. For geodesics with y(0) = e , y'(0) = H e a, we find y'(t) = H so b defines a maximal S-invariant distribution of transient directions.
To prove the first corollary, note G/K « S by the map xK -► x(k(x))~1 = a(x). Each g € G determines an isometry Lg of G/K given by Lg(xK) = gxK ; this induces a simply transitive action of 5. The geodesics through the identity coset of G/K are y{t) = (exp tX)K for I 6 p. Further, y'(t) = (LexP,;r);V(0).Then (¿"(exp ,*));' fit) = {LK{exptX))ty'(0) = (Ad/c(exp tX))(X) after making the standard identification of p with the tangent space to G/K at the identity coset. One also checks that in identifying G/K with S, a c p corresponds to a c s and fulfills the role of a in the theorem.
